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PROOFS FOR A MONOTONICITY RESULT OF A FUNCTION
INVOLVING THE PSI AND EXPONENTIAL FUNCTIONS
FENG QI AND BAI-NI GUO
Abstract. In the note, two alternative proofs are provided for a monotonicity
result that the function ψ(x) + ln
(
e1/x − 1
)
is strictly increasing on (0,∞),
where ψ(x) is the psi function.
1. Introduction
It is well-known that the classical gamma function
Γ(x) =
∫ ∞
0
tx−1e−tdt (1)
for x > 0, the psi function ψ(x) = Γ
′(x)
Γ(x) , and the polygamma functions ψ
(k)(x) for
k ∈ N play central roles in the theory of special functions and have much extensive
applications in many branches.
In [4, Theorem 2.1], it was discovered that if a ≤ − ln 2 and b ≥ 0, then
a− ln(e1/x − 1) < ψ(x) < b− ln(e1/x − 1) (2)
holds for x > 0.
In [2, pp. 386–388], the function
φ(x) = ψ(x) + ln
(
e1/x − 1) (3)
was proved to be strictly increasing on (0,∞) and
lim
x→∞
φ(x) = 0. (4)
In [3, Theorem 2.8], the inequality (2) was sharpened as follows: If and only if
a ≤ −γ and b ≥ 0, the inequality (2) is valid for x > 0, where γ = 0.577 . . . stands
for Euler-Mascheroni’s constant.
In [9] and its preprint [23], among other things, the function φ(x) was proved to
be not only strictly increasing but also strictly concave on (0,∞), with (4) and
lim
x→0+
φ(x) = −γ.
In [2, 9, 23], proofs of the monotonicity result that the function φ(x) is strictly
increasing occupy almost two printed pages respectively.
The aim of this note is to provide two alternative proofs for the monotonicity of
the function φ(x), which may be recited as Theorem 1 below.
Theorem 1. The function φ(x) is strictly increasing on (0,∞).
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Remark 1. The above Theorem 1 complements the well-known Bohr-Mollerup the-
orem which says that the gamma function is logarithmically convex, that is, the psi
function is increasing.
Remark 2. It is well-known that the n-th harmonic number is defined by
Hn =
n∑
k=1
1
k
(5)
for n ∈ N and that Hn can be expressed in terms of the psi function ψ(x) by
Hn = ψ(n+ 1) + γ. (6)
Consequently, the monotonicity result of φ(x) implies the sharp double inequality
in [3, Theorem 2.8] and the sharp inequalities for harmonic numbers Hn in [2,
pp. 386–387]: For n ∈ N, we have
1 + ln
(√
e − 1) ≤ Hn + ln(e1/(n+1) − 1) < γ. (7)
The constants 1 + ln
(√
e − 1) and γ in (7) are the best possible.
Some sharp inequalities for the n-th harmonic numbers were also established
in [5, 6, 7, 8, 15, 21, 22] and closely-related references therein. Especially, we would
like to mention that a new class of sequences of the form
µn = Hn + ln
(
ea/(n+b) − 1) (8)
was introduced in [12] and the fastest sequence {µn}n≥1 was obtained for a = 1√2
and b = 2+
√
2
4 .
2. Two alternative proofs of Theorem 1
Now we are in a position to provide two alternative proofs of Theorem 1.
First proof. It is well-known that
Γ(x+ 1) = xΓ(x) (9)
for x > 0. Taking the logarithm and differentiating on both sides of (9) yield
ψ(i−1)(x+ 1)− ψ(i−1)(x) = (−1)i−1 (i− 1)!
xi
, i ∈ N. (10)
Therefore, the function
h(x) = [ψ′(x)]2 + ψ′′(x) (11)
on (0,∞) satisfies
h(x)− h(x+ 1) = [ψ′(x) − ψ′(x+ 1)][ψ′(x) + ψ′(x+ 1)] + ψ′′(x) − ψ′′(x+ 1)
=
2
x2
[
ψ′(x) − 1
x
− 1
2x2
]
,
2
x2
g(x)
and the difference
g(x+ 1)− g(x) = ψ′(x+ 1)− ψ′(x) + 2x
2 + 4x+ 1
2x2(x+ 1)2
= − 1
2x2(x+ 1)2
< 0.
Hence, by induction, we have
g(x) > g(x+ 1) > g(x+ 2) > · · · > g(x+ k)→ 0
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as k → ∞, where we utilize the well-known fact that ψ(i)(x) → 0 as x → ∞ for
i ∈ N. By the same argument as the deduction of g(x) > 0, we can obtain h(x) > 0
on (0,∞). Consequently, the exponential function of φ(x) satisfies
eφ(x) = eψ(x)
(
e1/x − 1) = eψ(x)+1/x − eψ(x) = eψ(x+1) − eψ(x) , f(x),
f ′(x) = eψ(x+1)ψ′(x + 1)− eψ(x)ψ′(x) , q(x + 1)− q(x),
q′(x) = [eψ(x)ψ′(x)]′ = eψ(x)
{
ψ′′(x) + [ψ′(x)]2
}
= eψ(x)h(x) > 0.
As a result, the function q(x) is strictly increasing, and so f ′(x) > 0 on (0,∞). As
a result, the function f(x), and then φ(x), is strictly increasing on (0,∞). The first
proof of Theorem 1 is complete. 
Remark 3. In [1, p. 208] and [4, Lemma 1.1], the positivity of the function h(x) de-
fined by (11) on (0,∞) was verified by different approaches. Recently this positivity
was further generalized to a complete monotonicity result in [10, 16, 17, 19, 20] and
closely-related references therein.
Remark 4. The first proof of Theorem 1 shows that the function eψ(x) is convex on
(0,∞). It is common knowledge that the psi function ψ(x) is concave on (0,∞).
This gives an example that a logarithmically concave function is not concave but
convex. For more information, please see [11, Section 3] and [14, p. 6, Remark 1.9].
Second proof. This is based on the observation that f ′(x) > 0 is equivalent to
e1/xψ′(x+ 1) > ψ′(x) (12)
for x > 0.
The inequality
1
x
+
1
2x2
+
1
6x3
− 1
30x5
< ψ′(x) <
1
x
+
1
2x2
+
1
6x3
(13)
for x > 0 arises from the standard asymptotic series of ψ′(x), which was proved
in [13] to be of great help in establishing other results.
Taking into account (13), in order to prove (12), it suffices to show
e1/x
[
1
x+ 1
+
1
2(x+ 1)2
+
1
6(x+ 1)3
− 1
30(x+ 1)5
]
>
1
x
+
1
2x2
+
1
6x3
or, equivalently,
p(x) =
1
x
+ ln
[
1
x+ 1
+
1
2(x+ 1)2
+
1
6(x+ 1)3
− 1
30(x+ 1)5
]
− ln
(
1
x
+
1
2x2
+
1
6x3
)
> 0.
But
p′(x) = − 49 + 224x+ 475x
2 + 521x3 + 246x4 + 45x5
x2(x + 1)(6x2 + 3x+ 1)(49 + 175x+ 230x2 + 135x3 + 30x4)
< 0.
Finally, the function q(x) is strictly decreasing with limx→∞ q(x) = 0, so q(x) > 0.
The second proof is complete. 
Remark 5. We note that the second proof of Theorem 1 is suggested to be added
by an anonymous referee of this paper.
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Remark 6. This is a revised and expanded version of the preprint [18].
Acknowledgements. The authors heartily appreciate the anonymous referees for
their crucial comments and valuably technical advices on the original version of this
paper.
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